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The generalized Jacobi symbol (g), is defined for (m, n) = 1, n having prime 
divisors only of the form kq + 1. It is shown that the symbol is multiplicative 
in n. In particular, when n is a prime p of the said form, (T)k = 1 if and only 
if m is a k-ic residue of p. This provides an analog of Legendre’s symbol. 
1. Let m and n be positive integers with (m, n) = 1 and IZ odd. 
Then, defining an equivalence relation among the residue classes: 
1, 2, 3 ,..., (n - 1) (mod n) 
by 
t1 - h 
if and only if there exists an integer h such that 
mhtl = t, (mod n), (1) 
Professor D. H. Lehmer proved in 1959 a remarkable property of the 
Jacobi symbol, showing that 
m ( ) -G- = (-1)N (2) 
where N is the number of equivalence classes defined above. 
The object of this note is to extend, for k > 1, this property to k-ic 
residues. 
In what follows, 
(i) p’s are primes of the form kq + 1; 
(ii) We take 
n = p,“lpFpz,..., p:, 
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as the canonical decomposition of n; 
(iii) (m, n) = 1; 
(iv) g is a common primitive root of pF$, v = I, 2, 3,..., r; and we 
write + for ‘less than and prime to.’ 
We define the generalized Jacobi symbol by the relation 
where 
w = exp(2nilk). 
In particular, for n = p, we get the analog of Legendre’s symbol. 
2. An expression for N. The numbers 
1, 2, 3 )...) (n - 1) 
can be placed in classes C(d), where d 1 n, d > 1, and 
C(d) = {b : (b, n) = n/d, b < (n - l)} 
= {jn/d : j -q d}. (3) 
If m appertains to h(d) modulo d, then the numbers j 4 d can be further 
divided into subclasses as follows: 
We place two numbers j, and j, (each 4 d) in one subclass if for some 
integer h, 
myI = j, (mod d). (4) 
Since m appertains to h(d) modulo d, each such subclass has exactly h(d) 
members. Hence, the number of subclasses corresponding to C(d) is 
W/h(d). (5) 
Thus, the total number N of subclasses to which this subdivision leads is 
given by 
N = C WVW). (6) 
d1n 
d>l 
3. THEOREM. The generalized Jacobi symbol is multiplicative in n. 
Proof. Let 
m = gqU(modp,), 
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and 
Then, we have 
and 
So that 
Now, let 
Q-$9 = P:-wJ, c, > 0. 
for each c, > 1. (8) 
(7) 
Then, 
h(d) = 1.c.m. of h(p:)‘s. (9) 
Since every prime factor of N, and therefore of d, is of the form kx + 1, 
we have, for d > 1, 
#(d)/h(d) = 0 (mod k) 
except possibly when d is a power of a single prime. Therefore, modulo k, 
we have 
4 a,u, . 
V=l 
Hence, 
(10) 
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In particular, 
Fn 
( 1 P,k 
= exp(2ni 24,/k), (11) 
which is equal to 1, if and only if k 1 U, , i.e., if and only if m is a k-ic 
residue of pv . 
Evidently, 
can be equal to 1, even when m is not a k-ic residue of n. 
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